Exceptional points (EPs) correspond to degeneracies of open systems. These are attracting much interest in optics, optoelectronics, plasmonics, and condensed matter physics. In the classical and semiclassical approaches, Hamiltonian EPs (HEPs) are usually defined as degeneracies of nonHermitian Hamiltonians, such that at least two eigenfrequencies are identical and the corresponding eigenstates coalesce. HEPs result from continuous, mostly slow, non-unitary evolution without quantum jumps. Clearly, quantum jumps should be included in a fully quantum approach to make it equivalent to, e.g., the Lindblad master-equation approach. Thus, we suggest to define EPs via degeneracies of a Liouvillian superoperator (including the full Lindbladian term: LEPs), and we clarify the relations between HEPs and LEPs. We prove two main Theorems: Theorem 1 proves that, in the quantum limit, LEPs and HEPs must have essentially different properties. Theorem 2 dictates a condition under which, in the "semiclassical" limit, LEPs and HEPs recover the same properties. In particular, we show the validity of Theorem 1 studying systems which have: (1) a LEP but no HEPs, and (2) both LEPs and HEPs but for shifted parameters. As for Theorem 2, (3) we show that these two types of EPs become essentially equivalent in the semiclassical limit. We introduce a series of mathematical techniques to unveil analogies and differences between the HEPs and LEPs. We analytically compare LEPs and HEPs for some quantum and semiclassical prototype models with loss and gain.
I. INTRODUCTION
Exceptional points (EPs) have been attracting increasing interest, both theoretical and experimental, in diverse fields including optics, condensed matter physics, plasmonics, and even electronics. For example, as summarized in the very recent reviews [1, 2] , EPs are considered for novel enhanced sensing apparatus, and are relevant to describe dynamical phase transitions and in the characterization of topological phases of matter in open systems. This research in EPs was triggered two decades ago by the introduction of non-Hermitian quantum mechanics [3] or, more specifically, by the discovery of non-Hermitian Hamiltonians (NHHs) with real eigenvalues for paritytime-symmetric non-conservative systems [4] . An EP of an NHH (which for short we refer to as a Hamiltonian EP or an HEP) refers to the NHH degeneracies, i.e., to two (or more) coalescent eigenfrequencies and the corresponding coalescent eigenstates of a given NHH. Since an EP corresponds to a non-diagonalizable operator, standard Hermitian Hamiltonians cannot display any EP. It is the non-unitary effect of the environment that induces the emergence of EPs. Such points can be found, e.g., by balancing the attenuation, amplification, gain saturation, as well as various Hamiltonian coupling strengths of an open system (as experimentally shown in, e.g., [5, 6] ).
The dynamics of an open quantum system is characterized by the presence of dissipative terms, describing the progressive loss of energy, coherence, and information into the environment. Under very general hypotheses, the equation of motion can be captured by a Lindblad form, composed of a Hermitian Hamiltonian part, describing the coherent evolution of the system, and a non-Hermitian one, the so-called Lindblad dissipators. These Lindblad dissipators admit a fascinating interpretation in terms of quantum maps and measurement theory [7] [8] [9] [10] , and can be divided into two parts: the first one represents a coherent nonunitary dissipation of the system, transforming the Hamiltonian in an NHH. The second one describes quantum jumps, which are the effect of a continuous measurement performed by the environment on the system. The instantaneous switching between energy levels in the quantum system caused by quantum jumps is pivotal to correctly describe microscopic open systems. These quantum jumps lay at the foundation of quantum physics, being necessary to obtain a consistent measurement theory once the environment is taken into account [7, [11] [12] [13] . Quantum jumps have been observed in countless experiments, including ionic [14] [15] [16] , atomic [17] [18] [19] [20] [21] [22] , solid state [23] [24] [25] , and superconducting circuit setups [26] [27] [28] [29] [30] . Hence, to correctly describe exceptional points of quantum systems, one must consider quantum jumps.
The vast majority of studies on EPs, especially in the context of parity-time-symmetric systems, have been limited to classical or semiclassical models, where quantum jumps were ignored (e.g., [5, 31] ). Indeed, the standard calculation of EPs (i.e., HEPs) is based on finding degen-
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eracies of non-Hermitian Hamiltonians. Thus, such approaches cannot be completely equivalent to the standard Lindblad master equation, as clearly seen by referring to the quantum-trajectory method (also known as the quantum-jump method) [8, [32] [33] [34] [35] .
The time evolution of a system obeying a Lindblad master equation is captured by a Liouvillian superoperator. Since the Liouvillian is a non-Hermitian matrix, it too can exhibit EPs [36] [37] [38] [39] [40] [41] [42] [43] . Liouvillian EPs (LEPs) are defined via degeneracies of Liouvillians (including the full Lindbladian term), i.e., when two (or more) eigenfrequencies and the corresponding eigenstates of a given Liouvillian coalesce. Their physical meaning, and their relation to HEPs, however, is crucial to correctly understand HEPs in the quantum case. The main objective of this paper is to point out the similarities and the differences between HEPs and LEPs. We prove the severe limits of the NHH approach to the full quantum regime, and we demonstrate how quantum jumps can also affect the semiclassical dynamics of a system. In this regard, we provide a procedure to generalize the semiclassical HEPs to include quantum jumps. We prove theorems about the general properties of HEPs and LEPs, showing their equivalence in the semiclassical regime and some fundamental differences in the quantum regime. This work also focuses on comparing the basic properties of the standard HEPs and generalized LEPs. To do that, we introduce a series of mathematical techniques to unveil analogies and differences between the HEPs and LEPs in actual examples. We demonstrate these similarities and discrepancies on simple prototype examples. This paper is organized as follows: in Sec. II, we discuss the semiclassical limit, how in this limit the NHH stems from a Liouvillian and how, vice versa, a Liouvillian is the minimal extension of an NHH to the quantum regime. In Sec. III we provide the main results of this paper, i.e., Theorems 1 and 2, which prove some relations between the spectra of an NHH and the corresponding Liouvillian. In Secs. IV, V, and VI, we demonstrate the validity of the Theorems on three examples. Finally, in Appendix A we recall, for pedagogical reasons, some useful properties of superoperators.
In the main article, we will use several abbreviations. Here, we concisely list them to facilitate the following exposition. 
Full

II. NON-HERMITIAN HAMILTONIANS, LIOUVILLIANS, AND THEIR SEMICLASSICAL APPROXIMATION
In this section, we prove that the semiclassical limit of a Liouvillian is an NHH, and we provide a physical interpretation of the resulting effective Hamiltonian. Vice versa, we demonstrate that the Lindblad master equation is a minimal quantum map that extends the behavior of a non-Hermitian Hamiltonian to its "quantum" limit.
Before proceeding further, let us clarify the usage of the term semiclassical limit to be applied in this paper. In the literature, the "semiclassical approximation" is loosely and widely used with different meanings [44] . Thus, the semiclassical regime can be defined in various ways depending on its physical context [45] . These meanings include: (1) In the traditional interpretation of nonrelativistic quantum mechanics, the semiclassical limit corresponds to assuming ̵ h → 0, transforming operators into variables, and replacing the Hilbert space tensor-product structure with the direct sum of classical phase spaces. (2) One can also refer to the semiclassical regime of a quantum system that can be well approximated by a classical model for high quantum numbers. A classical example can be provided by the coherent-state approximation of the electromagnetic-field in quantum optics [46] , where the evolution of a state inside a cavity is well captured by the evolution of a complex number. Moreover, this is often the case when discussing high-temperature condensed-matter systems for which quantum characteristics are well captured by phenomenological classical theories (e.g., the Drude scattering theory for electrons, or the Johnson-Nyquist noise). (3) Another meaning of the semiclassical approximation of a composite system refers to the case when the system can be described as a classical subsystem interacting with a quantum one. For example, the standard optical Bloch equations [8, 12 ] describe a quantum two-level system coupled to a classical electromagnetic field. (4) Moreover, one can consider the spectrum of the semiclassical regimes of a dissipative quantum system corresponding to different physical properties changing at different rates between the fully quantum and fully classical regimes during the dissipative evolution of a quantum system. In particular, one can introduce the pointer states of dissipation as the classical states emerging from a prolonged interaction with a complex environment [47] . (5) In the literature about EPs, the effects of quantum noise are neglected by claiming that the model is semiclassical. Similarly, in the present discussion, the semiclassical limit means that we neglect the action of quantum jumps without taking much care of which of the previous four criteria can be applied.
Specifically, we will have a well defined semiclassical regime (or semiclassical limit) of the Markovian dynamics of a given quantum system if all (or at least some nontrivial) EPs of a non-Hermitian Hamiltonian are effectively the same as those of a corresponding Liouvillian in a Lindblad master equation with quantum jumps terms. We stress that all the EPs of a non-Hermitian Hamiltonian (i.e., HEPs) are exactly the same as the LEP's of the corresponding Liouvillian without quantum-jump terms.
A. Semiclassical Limit of a Liouvillian
The time evolution of an open-quantum system weakly interacting with a Markovian (i.e., memoryless) environment can be expressed using the so-called Lindblad master equation [7, 8, 12, 46, 48, 49] (thereafter, we set ̵ h = 1): 
The Lindblad master equation admits a very appealing interpretation as the time evolution of a system which is continuously monitored by an environment [8] . In this regard, the effect of D[Γ µ ] on the density matrixρ(t) can be split into two parts [7] : the continuous non-unitary dissipation terms,Γ
The dissipation describes the continuous losses of energy, information, and coherence of the system into the environment, while the quantum jumps describe the effect of the measurement on the state of the system [7] [8] [9] . We label the term J [Γ µ ] a quantum jump since in a quantum trajectory approach (i.e., a wavefunction Monte Carlo method) [11, [33] [34] [35] , those are the terms responsible for the abrupt stochastic change of the wavefunction. In this regard, given a Lindblad master equation describing the microscopic physics of a given system, it is easy to obtain the corresponding "semiclassical limit" by neglecting the effect of quantum jumps, by introducing an effective NHH of the formĤ
An equation of motion for a generic density matrixρ(t), thus, becomes:
where we have introduced the Liouvillian without quantum jumps L ′ . Indeed, in this evolution, one assumes that the system evolves towards its pointer states [47] , i.e., those states which are the eigenstates ofΓ µ . We stress that, however, pointer states are the steady-states of the evolution, and often, even if the steady state is semiclassical, a fully semiclassical description cannot capture the dynamics of such systems.
We note that the master equation in Eq. (1) can be rewritten in terms ofĤ eff as follows:
(6) Thus, it is clear that a given non-Hermitian Hamiltonian H eff , together with the quantum jump termsΓ µρ (t)Γ † µ in (6), one can fully describe the quantum dynamics of a dissipative system within the Lindblad formalism. However, a natural way to calculate the EPs of a nonHermitian Hamiltonian with the quantum jump terms, requires the usage of a superoperator rather than the operatorĤ eff . This is because the quantum jump operators are on the left-and right-hand sides of a density matrixρ(t) in the termΓ µρ (t)Γ † µ . Such a superoperator is actually the Liouvillian L studied here.
B. Making sense of non-Hermitian Hamiltonians in the quantum limit
We try now to reconcile the concept of NHHs with that of a quantum map.
Let us consider the following NHH:
where we introduce the Hermitian operatorĤ = (Ĥ eff + H † eff ) 2 and the anti-Hermitian oneÂ = (Ĥ eff −Ĥ † eff ) 2. One can prove that the most general form of a linear, Hermiticity-and trace-preserving, and completely positive quantum map describing the time evolution of the density matrixρ(t) is a superoperator M [8] [9] [10] , defined by:
where M are the Kraus operators. Since this NHH captures well the dynamics of the system in its semiclassical limit, the time evolution of a generic density matrixρ(t) under such an NHH iŝ
where the superoperator R is the additional term needed to recover a Kraus map, while [ • , • ] and { • , • } represent the commutator and anticommutator, respectively.
Since semiclassically the density operators evolve smoothly under the action ofĤ eff , we assume that in the quantum limitρ(t) evolves according to Eq. (8) aŝ
(10) To identify the form of R, we note that Rρ(t) ≪ τ iÂ,ρ(t) holds in a semiclassical limit. That is, the terms stemming from R in a semiclassical picture produce only a constant shift, plus terms which are small compared to the action of the non-Hermitian part of the NHH. Hence, by comparing Eqs. (5), (9) , and (10), we deduce thatM
so that
Therefore, we conclude that
If we assume that there is only another Kraus operator M 1 , i.e., R =M † 1
•M 1 , to satisfy Eq. (8), we havê
From this relation, we defineM 1 = Γ = √ −2iA and obtain
where
Γ †Γ , • is the standard Lindbladian dissipator of Eq. (2). Indeed, we have proved that the minimal additional term necessary to properly extend an NHH to its quantum regime is the jump superoperator
To conclude, we recast Eq. (15) in its differential form, obtaining the Lindblad master equation,
We stress that, this minimal model (exploiting only two Kraus operators to describe the system) may not be sufficient to fully capture the physics underlying the NHH. However, it is the simplest generalization allowing to study open quantum systems far from the semiclassical regime.
The properties of L, L ′ , andĤ eff are the central aspects of the following discussions.
III. LIOUVILLIAN SPECTRUM, EXCEPTIONAL POINTS, AND THEIR PHYSICAL MEANING IN OPEN QUANTUM SYSTEMS
We introduce the eigenvalues and eigenvectors ofĤ eff via the relationĤ
In the same way in which we diagonalize aĤ eff , one can obtain much information about an open quantum system by studying the spectrum of a Liouvillian. For a timeindependent Liouvillian, there always exists at least one steady state (if the dimension of the Hilbert space is finite [48, 51] ), i.e., a matrix which does not evolve under the Lindblad master equation. Such a steady stateρ ss is an eigenmatrix of a given Liouvillian, since
In this regard, the steady state plays a similar role to the ground state of a Hamiltonian.
Even if the steady state has a privileged role, its knowledge is not enough to fully determine all the properties of the system. Indeed, many interesting phenomena can occur in the dynamics towards a steady state. Therefore, one has to study the spectrum of the Liouvillian superoperator L, whose eigenmatrices and eigenvalues are defined via the relation
Since a Liouvillian does not need to be a Hermitian superoperator, it admits both left and right eigenmatrices, where the latter are defined by
The left and right eigenvectors are mutually orthonormal in the sense that, after opportune normalization, Tr[σ iρj ] = δ i, j . Therefore, if a Liouvillian is diagonalizable (that is, apart from the LEPs [39] ), any density matrixρ(t) can be written aŝ
It can be proved [48, 51] that ∀i, Re [λ i ] ≤ 0. Therefore, the real part of the eigenvalues λ i are responsible for the relaxation rate of any expectation value towards the steady state. For convenience, we sort the eigenvalues in such a way that
. From this definition it follows that λ 0 = 0 andρ ss =ρ 0 Tr[ρ 0 ]. Moreover, we recall here some useful properties of the eigenmatrices [38] :
Given Lemma 1, and since the Liouvillian is a tracepreserving map, it follows: [52] .
A. Relation between the spectra ofĤ eff , L ′ , and L
As we previously discussed, we have three possible mechanisms to describe the dynamics of an open system: the NHHĤ eff , the Liouvillian without quantum jumps L ′ , and the full Liouvillian L. Since EPs are indicated by the spectra of these three objects, the question arises about the relations between them.
Let us call φ j ⟩ the right eigenvalues ofĤ eff , whose eigenvalues are h j . We have:
The question arises: what are the eigenvalues of L ′ ? Let us assume thatρ
The set of eigenvectors of L ′ is, thus, given byρ Therefore, we address the question the about relation between the spectra of L ′ and L. Consider an eigenmatrix ρ j of L ′ . We see that
Therefore, all the eigenmatrices of L are identical to those of
We conclude that if φ l ⟩ and φ m ⟩ are right eigenvectors of eacĥ Γ µ for each m and l, the spectrum of L ′ is biunivocally determined by that of L. The other possibility is that we have two eigenmatricesρ
In this case, the effect of produced by each quantum jump term J [Γ µ ] must be only to mix the eigenmatrices. But this is equivalent to say thatΓ µ andĤ eff share an eigenvector basis, and, therefore, can be simultaneously diagonalized. Therefore, it follows the following Lemma:
From now on, with a slight abuse of notation, we will say thatĤ eff has the same eigenvectors of L ifρ j = φ l ⟩ ⟨φ m .
As an example of Lemma 4, let us consider the bosonic annihilation operatorâ, and the following Liouvillian
Clearly,
. The eigenvalues ofĤ eff are the number (Fock) states n⟩, and its eigenvalues are h n = (ω − i γ 2 n)n. We conclude that the Liouvillian eigenstates areρ j = m⟩ ⟨n , whose eigenener-
B. Go and no-go theorems for the equivalence of LEPs and HEPs
The question about EPs in the quantum case can now be partially addressed. Indeed, as stated in Lemma 4, there are cases in which the spectrum of the Liouvillian is identical to that of the NHH. Given this property, is it possible to observe the same eigenvectors also at the exceptional point?
A no-go theorem in the quantum regime
One may wonder whether it is possible to observe some LEPs associated to the steady-stateρ ss . In Refs. [37, 38, 53] the following Lemma was demonstrated:
Lemma 5. If λ i = 0 has degeneracy n, then there exists n independent right eigenvectors and n independent left eigenvectors of the Liouvillian (the algebraic multiplicity of λ i is identical to the geometrical one).
This proposition has profound consequences on the structure of a Liouvillian spectrum and on the presence of EPs. Indeed, since EPs require a Jordan canonical form, there cannot be any EPs for those eigenmatrices of a Liouvillian whose eigenvalue is zero. Therefore, an EP can exist in the "excited" states of a Liouvillian (that is, ρ i whose Re [λ i ] < 0 and which represent the dynamical decay of an initial state towards its steady state). For a quantum two-level system (e.g., a spin 1 2 ), this means that no NHH exhibiting an EP correctly captures the underlying physics, and quantum jumps must necessarily be taken into account. Indeed, the NHH would have two eigenvectors φ 1 ⟩ and φ 2 ⟩, which coalesce at the HEP. However, if the spectrum of L was to coincide with that of L ′ , and L admit a steady stateρ ss . We conclude thatρ ss would be the exceptional point, proving the contradictory affirmation that there would be a LEP in the steady state (examples in Secs. IV andV).
The previous result can be generalized to systems with more than two levels (but still, of a finite dimension). Let us assume now that there exists an HEP of order two (the demonstration is similar for higher-order EPs). Therefore, we haveĤ eff φ 1 
The proof can be outlined as follows:
• In the subspace spanned by φ 1 ⟩ and φ 2 ⟩, L ′ is a 4 × 4 matrix presenting a LEP, and there is an true eigenvectorρ 1 
• We proceed by contradiction (reductio ad absurdum), and we assume thatρ 1 is an eigenmatrix of L, such that Lρ 1 = λ 1ρ1 . Moreover, to λ 1 is associated to a LEP.
• From Lemma 5, since there is a LEP, we deduce that λ 1 ≠ 0.
• Sinceρ ′ is not a trace-preserving superoperator. Therefore, Lemma 2 does not hold for L ′ . Moreover, we remark that LEPs and HEPs may become equivalent in the semiclassical regime, as we will discuss in the following Section.
Finally, there is another intriguing possibility in the quantum regime. Indeed, one can have LEPs without any Hamiltonian counterpart. Indeed, in this case, the effect of J is not detrimental, but necessary to produce EPs (an example is discussed in Sec. IV).
Equivalence of LEPs and HEPs in the semiclassical limit
Let us summarize the three main results we have obtained in the previous S ections:
(i) Lemma 4: L has the same eigenvectors ofĤ eff if every jump operator commutes with the effective Hamiltonian.
(ii) Lemma 5: Any effect of an EP has a dynamical nature and, in a time-independent Lindblad master equation or in a time-independent NHH, some effects can be observed only in the transient dynamics of the system towards its steady state. We stress that this does not mean that the system is undriven or in the ground state of its NHH. No matter the details of the processes present in the Hamiltonian and the dissipators, at the Lindblad master-equation level, the effect of EPs cannot be observed in the steady state.
(iii) Theorem 1: The structure of the spectrum of a Liouvillian EP (LEP) cannot be identical to that of a Hamiltonian EP (HEP). Do these observations (i)-(iii) mean that there cannot be any correspondence between the Liouvillian and NHH eigenvectors? The answer is no, but only if we consider that the effect of quantum jumps, in some particular subspace, can be that of combine only certain wavefunctions obtained via the NHH approach. In this regard, the spectral properties are not exactly identical, but the physics described by the NHH can capture the same phenomena of the Liouvillian. There is, however, an additional caveat regarding the way in which a semiclassical limit should be approached. Indeed, the term Jρ(t) in Eq. (9) is often omitted under the assumption that the steady state is a semiclassical state. However, nothing guarantees that all the eigenmatricesρ j of L are all compositions of semiclassical states. Indeed, we should verify whether the effect of quantum jumps on the set of matricesρ
It may happen that the overall effect of quantum jumps is either to mix the state trivially, thus retrieving similar features, or to mix them in a nontrivial way, producing different effects.
We can formalize this intuition in a more rigorous way. Since we are interested in capturing only the behavior of a certain "semiclassical" part of the spectrum, let us assume that we want to know if a set of eigenvectors correctly approximate part of the Liouvillian dynamics. In this case, we construct the set eigenmatrices of L ′ , i.e.,
and we have
We write the effect of the quantum jumps J [Γ µ ] as a component alongρ
is exactly zero), we can approximate the short-time dynamics of the full Liouvillian with the effective Hamiltonian for any superposition of matricesρ i . Therefore, we are requiring that
where ϕ l ⟩ is the action outside of the eigenvectors space. In case g l m ≪ 1 and g m l ≪ 1, the semiclassical condition is satisfied, and the dynamics is described by an NHH. There is, however, a case in which Eq. (28) 
We stress that, again, the conditions of Eq. (28) cannot exactly be satisfied for any arbitrary pair of matrices φ l ⟩ ⟨φ m , otherwise it would imply the existence of multiple steady states with an EP, disproving Lemma 5 and Theorem 1. We also stress that not all the Liouvillian, which display equality of a portion of their eigenvalues with respect to the corresponding semiclassical NHH, must respect Theorem 2. Finally, the NHH and the Liouvillian can display HEPs and LEPs for the same combination of parameters. However, this does not imply that the eigenvectors are identical.
C. Physical meaning of the Liouvillian eigenmatrices
To address the correspondence between LEPs and HEPs, one has to correctly interpret the physical meaning of the Liouvillian eigenmatrices. Here we provide a pedagogical discussion, following that of Refs. [38, 51] .
The case of a real Liouvillian eigenvalue λi
When λ i is real,ρ i can be constructed to be Hermitian (see Lemma 3) . By diagonalizing it, one obtains the spectral decomposition [38, 51] :
where ⟨ψ
Since all the coefficients p (i)
n must be real, and, sinceρ i is traceless (see Lemmas 2 and 5) we can sort the p n in such a way to have p (i) n > 0 for n ≤n, and p (i) n < 0 for n >n. Thus, we have:
and the coefficients {p n } have been normalized to ensure Tr[ρ 
The case of a complex Liouvillian eigenvalue λi
Let us now consider a right eigenmatrixρ i with a complex eigenvalue λ i . As it stems from Eq. (21), to ensure thatρ(t) is an Hermitian eigenmatrix,ρ i must always appear in combination with its Hermitian conjugateρ † i , which is also an eigenmatrix of L (Lemma 3). Thus, one can simply consider the Hermitian combinations: symmetricρ
By performing again an eigendecomposition of those states, we obtainρ
Liouvillian exceptional points
Consider now a full Liouvillian admitting an EP of order 2, that is, the equation (L − λ i )ρ i = 0 admits only one solutionρ i . Similarly, one can perform the same procedure for higher-order EPs.
IV. EXAMPLE OF THEOREM 1: A SYSTEM WITH LEPS BUT WITHOUT HEPS
In this Section, we address the question of whether there exists any model exhibiting LEPs but not HEPs, thus confirming Theorem 1. At first, let us consider a rather general model of a spin-1 2, with Hamiltonian
which evolves under the action of the three competing decay channels, (σ x ,σ y , andσ − ) described by
(33) Since this master equation is invariant under the exchangê σ − → −σ − , this model explicitly presents a Z 2 symmetry [37, 38] . Moreover, there are several terms which can compete in determining the relaxation rate towards the steady state: (i) the Hamiltonian oscillations; (ii) the dissipation along the x and y axes; (iii) the spin flips described byσ − . First, we note that the NHH structure is trivial, sincê H eff is already diagonal in theσ z basis, and its matrix form readŝ
This equation cannot present any EP, since no change in parameters can make the two eigenvalues equal.
Nevertheless, the Liouvillian can present several interesting properties. We have
and
where Ω = γ 2 x + γ 2 y − 2γ x γ y − ω 2 . Therefore, in the case γ y > ω, this Liouvillian exhibits two EPs, one for γ x = γ y − ω and one for γ x = γ y + ω. We study this configuration for γ − = 0 in Fig 1. Here, the key parameter is Γ in λ 1, 2 andρ 1, 2 . Therefore, we can identify three regimes [cf. Figs. 1(a) and 1(b) ]:
(i) The case of γ x < γ y − ω, where the dynamics is dominated by the dissipation channel D[σ y ], and the decay towards the steady state is purely exponential.
(ii) The case of γ y − ω < γ x < γ y + ω, where the competition between the dissipation along theσ x and σ x directions allows for Hamiltonian oscillations towards the steady state.
(iii) The case of γ x > γ y + ω, when the dissipative dynamics is dominated by the damping in theσ x direction.
This change in the spectral properties of the Liouvillian is signaled by a coalescence of the eigenvectors, as shown in Fig. 1(c) . The case of γ − ≠ 0 is also plotted in Fig. 1 with dotted curves, and shows similar spectral features, with a remarkable difference: an overall shift of γ − 2 in λ 1, 2 , and of γ − in λ 3 .
Purely quantum EPs
The study of the Liouvillian in Eq. (33) naturally raises the question of the meaning of the Liouvillian EPs which are induced by quantum jumps, and, thus, are not observed in the corresponding NHH dynamics. Indeed, the term determining the EP isσ xρ (t)σ x . According to the measurement theory, this process can be interpreted as the backaction of a measurement apparatus on a system [9] . In the present case, such "reading apparatus" is the environment itself [7, 8] , which projects the system on the eigenspace of its pointer states. In this regard, this exceptional point is induced by a purely quantum effect, and is really due to the measurement and not to the "semiclassical" decoherence caused by the environment. That is, the bare presence of the measurement apparatus and the reading of it induces quantum jumps. The EPs are due to this purely quantum effect, and cannot be explained by a semiclassical approximation in Eq. (34). 
V. EXAMPLE 2 OF THEOREM 1: A SYSTEM WITH NONEQUIVALENT LEPS AND HEPS
Here we study a model of single dissipative driven spin, exhibiting both LEPs and HEPs. This is another example obeying the condition of Theorem 1. Indeed, by comparing the properties of LEPs and HEPs, we find several discrepancies. This model is described bŷ
which evolves under the action of the following Liouvillian decaying channel
A. The non-Hermitian Hamiltonian spectrum
We begin our study by considering the following NHĤ which results from Eq. (38) if we ignore the quantum jump term in D[σ − ]. We remark that, by the addition of a constant term (−iγ − 1), this model becomes the celebrated two-level system showing a parity-time (PT )-symmetry breaking, extensively discussed in, e.g., Refs. [2, 55] . Indeed, this Hamiltonian has eigenvalues:
and eigenvectors:
where ζ = 4ω 2 x − γ 2 − . The imaginary and real parts of the eigenvaluesĥ i are plotted in Fig. 2(a-b) , respectively. φ 2 ⟩ ofĤ eff coalesce (see also Fig. 2 ). Since this model exhibits some "semiclassical" EPs, the natural question arises: what happens to these EPs once the quantum term is taken into account? Since [σ − ,σ x ] ≠ 0, we expect the spectral structure of two models to be remarkably different (cf. Lemma 4).
B. The Liouvillian spectrum
We consider now the complete master equation in Eq. (38) . We first analyze the spectrum of the Liouvillian, which is:
while the eigenmatrices are:
where η = γ 2 − − 16ω 2 x . Hence, we expect a LEP for
In Figs. 3(a) and 3(b) we plot the real and imaginary parts of the eigenvalues λ i obtained in Eq. (42) . Indeed, we note that, for γ − = 4ω x , λ 2, 3 coalesce. As expected, this EP is signaled by the coalescence of the two associated right eigenmatrices [ Fig. 3(c) and Eq. (43)]. We note that the decay along theσ x channel is dominated by λ 1 , and, therefore, to see interesting phenomena one should study eitherσ y orσ z .
C. Comparison of HEPs and LEPs
The question naturally arises: what is the link between the NHH EPs and Liouvillian EPs? To answer this question we analyze the spectra ofρ 2 andρ 3 using the spectral decomposition introduced in Sec. III C. We obtain
By comparing these with φ 1 ⟩ and φ 1 ⟩ in Eq. (41), we note that their structures present several similarities, upon ω x → 2ω x . To better capture a similarity between the LEPs and HEPs, in Fig. (4) we plot the expectation value ⟨σ +σ− ⟩ taken over the states
We observe that, surprisingly, the NHH captures the behavior ofρ 3 , but not ofρ 2 , even if
. Finally, we remark that the addition of the quantum jumps produces a double bifurcation, and, thus, we conclude that the NHH approximation is not able to capture the dynamics ofσ x,y towards the steady state.
Therefore, we may argue that the effect of quantum jumps in this model is double: on the one hand, as a consequence of Theorem 1, quantum jumps modify the structure of the eigenstates of the NHH. On the other hand,
In this regard, in the next section we will see that when this two-level system is the effective description of a bigger bosonic system in a semiclassical limit, the effect of quantum jumps will be to introduce a mixing of the "eigenstates" of the corresponding NHH, according to Theorem 2.
VI. EXAMPLE OF THEOREM 2: A SEMICLASSICAL MODEL WITH EQUIVALENT HEPS AND LEPS
The two previous examples proved that in the "fullyquantum" limit, the NHH fails to completely capture the underlying physics. In this Section, we consider, instead, a model whose semiclassical limit correctly predicts the features of the EPs, as an example of Theorem 2. Let us consider two coupled bosonic modes, characterized byĤ
The key element in this model is the imbalance of the dissipation rates γ a ≠ γ b , resulting in one of the two modes to be dissipated more quickly than the other. Physically, this model can be interpreted as photons hopping between two cavities, one of which has a smaller quality factor than the other. For small coupling g, this dissipation imbalance tends to localize bosons in the less dissipative cavity, before eventually the system loses all the particles to the environment. For high coupling g, the two modes are hybridized, and the localization effect of dissipation cannot take place anymore. The transition from local-to-nonlocal longtime dynamics can be signaled by the presence of an EP.
As already shown in Ref. [56] , the dynamics of these two linearly coupled quantum oscillators is (nearly) classi- Fig. 5(b) . (c) Scalar product between the eigenvectors associated to the EP, as a function of g ω. We were not able to extract this quantity for all the values of g ω due to numerical problems in correctly sorting the eigenvectors. Indeed, the eigenmatrices of L do not obey any more the total-excitation conservation law valid for the NHH. Here, the parameters used are:
cal in nature. Note that this prototype model of a linear coupler is mathematically equivalent to the models of a parametric frequency converter and a beam splitter. These models are of fundamental importance in quantum optics. In the dissipation-free case, two-mode phase-space quasiprobability distributions (like the Husimi, Wigner, and Glauber-Sudarshan functions) remain constant along purely semiclassical trajectories. Thus, an initially semiclassical state remains semiclassical during its evolution in the model. In a dissipation-free model, a degree of nonclassicality (or classicality) of an initially quantum state remains unchanged. This property has been used to define an operational measure of nonclassicality [57] [58] [59] . So, it is convenient for us to use this model to compare the two types of EPs in the semiclassical limit.
A. Hamiltonian EPs
The NHH associated to Eq. (47) readŝ
This matrix couples subspaces with a constant number of particles, resulting in a block-diagonal NHH. In Figs. 5(a) and 5(b) we plot the imaginary and real part of the eigenvalues h i ofĤ eff , proving that the system admits a set of EPs, each one characterized by a different number of excitations [cf. panel (c) , where the scalar product of the eigenvectors associated to the EPs become 1]. Most importantly, the system exhibits all the EPs for the same value of g ω.
B. Liouvillian EPs
We perform the same spectral analysis on the Liouvillian in Eq. (47) in Fig. 6 . Similarly to Fig 5, we observe a ladder of EPs, characterized by really similar spectral features. We notice that, however, in accordance to Theorem 1, no EPs happen in the steady state, even if the NHH correctly captures the parameter g ω for which the system has an EP. Moreover, we notice in panel (b) that many eigenvectors have an EP with imaginary part zero, in contrast to Fig 5(a) . Finally, in panel (c) we demonstrate that the appropriate eigenmatrices, i.e., those coalescing at the EP, have scalar product equal to 1 for g = 0.125ω, proving that indeed the bifurcation is produced by an EP.
C. Comparison of HEPs and LEPs
Let us begin our discussion by considering the time evolution of the expectation value of ⟨â⟩ and ⟨b⟩. For the NHH, we have ∂ t ⟨â⟩ = −i ⟨ â,Ĥ eff ⟩, while for the Liouvillian
Remarkably, both equations lead to the same result
The previous equation confirms that the some of the HEP and LEP must be similar (i.e., same eigenvalues and eigenvectors), in order to reproduce the same dynamics of these expectation values. However, this does not mean that all the spectral structure is identical.
As for the similarity, we note that Theorem 2 can be applied. Indeed, let us consider the subspace with no excitation, whereĤ eff 0, 0⟩ = 0 0, 0⟩. It follows that φ 0 ⟩ = 0, 0⟩, sinceâ 0, 0⟩ =b 0, 0⟩ = 0.
We can easily verify the validity of Theorem 2 by consideringĤ eff in the subspace with one excitation (i.e., 1, 0⟩ and 0, 1⟩), where:
forγ = (γ a + γ b ) 2, and γ = (γ a − γ b ) 2. The eigenvalues are
and the eigenfunctions ofĤ eff are
where θ 2 = g 2 − γ 2 4. We remark that this equation is identical to Eq. (39) , by the addition of a constant term (−iγ − 1). Clearly, the model exhibits an EP for g = γ 2, where φ 1 ⟩ and φ 2 ⟩ coalesce.
If we consider nowρ 1 = φ 1,2 ⟩ ⟨0, 0 , since we have
We have numerically confirmed this behavior for the whole spectrum of the Liouvillian and the NHH up to a cutoff of nine excitations per site. Finally, to correctly interpretρ 1 , we consider the eigendecomposition ofρ 1 +ρ 2 (which, by construction, is Hermitian), obtainingρ 1 +ρ 2 = Ψ 1 ⟩ ⟨Ψ 1 − Ψ 2 ⟩ ⟨Ψ 2 , where
All the other eigenstatesρ i which are not of the form 0, 0⟩ ⟨φ l or φ l ⟩ ⟨0, 0 , instead, have different characteristics and cannot be easily recast in terms of simple combinations of φ l ⟩ ⟨φ m .
Again, we have confirmed the results of Theorem 1, proving that, indeed, even if the eigenvalues are correctly captured by the NHH, that is not the case for the eigenvectors. However, give the conditions of Theorem 2, part of the spectrum recovers the predictions of the NHH.
VII. CONCLUSIONS AND DISCUSSION
In this paper, we addressed the question of how to define EPs in the fully quantum regime, i.e., by including quantum jumps. Standard EPs (i.e., HEPs) correspond to the spectra of NHHs, and, thus, quantum jumps do not have any effect on these. Of course, HEPs can be formally applied also to the quantum regime, but the question arises whether they properly grasp the quantum nature of non-conservative systems.
Our proposal of defining EPs for the quantum regime is based on analyzing the eigenfrequency and eigenstate degeneracies of the spectra of Liouvillians. Thus, these EPs are referred to as Liouvillian EPs or LEPs. Our approach was motivated by the standard Lindblad master equation and its quantum-trajectory interpretation, which includes both continuous non-unitary dissipation term, Γ † µΓµρ (t)+ρ(t)Γ † µΓµ , and quantum jump term,Γ µρ (t)Γ † µ . We note that the calculation of an EP based on NHHs includes the same continuous non-unitary dissipation term, but not the quantum jump term.
The core results of this paper concern the comparison of Liouvillian and Hamiltonian EPs. We proved two main theorems: Theorems 1 showing that LEPs and HEPs have essentially different properties in the quantum regime, and Theorems 2 specifying some conditions under which LEPs and HEPs exhibit the same properties in the semiclassical limit. We compared explicitly LEPs and HEPs for some quantum and semiclassical prototype models: (i) a driven dissipative two-level system, which is a quantum model without a semiclassical analogue, and (ii) two linearly coupled dissipative quantum oscillators (a linear coupler or a parametric frequency converter), which have semiclassical dynamics [56] . We showed that, in general, LEPs and HEPs can have essentially different properties. In particular, we discuss systems, which are special cases of model (i), exhibiting either a LEP but no HEPs, or both LEPs and HEPs but for shifted parameters. Moreover, model (ii) enabled us to show explicitly that LEPs and HEPs become essentially equivalent in the semiclassical limit.
Note that we were not discussing here any applications of EPs. Further research is required to generalize various semiclassical predictions of novel photonic functionalities (mentioned in, e.g., reviews [1, 2] ) to the quantum regime. These applications might include an enhanced control of physical processes (e.g., scattering and transmission) at EPs in composite systems with loss, gain, and gain saturation. For example, in a recent study of [60] , the ScullyLamb laser model in its semiclassical limit was applied to describe the experimentally-observed light non-reciprocity and HEPs reported in [61, 62] for parity-time-symmetric whispering-gallery microcavities. The application of the formalism developed in this paper could enable to study LEPs in the Scully-Lamb laser model, assuming weak gain saturation, in its full quantum regime.
Another important application of EPs could be some enhancement of the sensitivity of the energy splitting and frequency detection at HEPs, as discussed theoretically in, e.g., Refs. [54, [63] [64] [65] [66] and observed experimentally in Refs. [67] [68] [69] [70] . Indeed even a very small perturbation applied to an NHH system at an EP can lift the system eigenfrequency degeneracy leading to a detectable energy splitting. However, more detailed analyses of noise showed some fundamental limits of HEP-enhanced sensors [71] [72] [73] [74] [75] [76] . In particular, a recent study [71] indicates that enhanced sensitivity does not necessarily imply enhanced precision of sensors operating at EPs. Moreover, it was proved in Ref. [72] the importance of the unraveling protocol to obtain an enhancement of the measure sensitivity around an EP. In particular, for the non-reciprocal system of Ref. [72] , homodyne (heterodyne) detection was found to have the largest enhancement. In this regard, our extension to the full quantum limit allows an easy discussion of such protocol. Further work (which, however, is beyond the scope of this paper) is required to clarify the quantum-noise-limited performance not only of generalized LEP-based sensors, but even of standard HEP-based sensors.
LEPs can signal a second-order phase transition of driven dissipative systems, as pointed out in [38] . In this regard, the quest for enhanced sensitivity exploiting EPs can corroborated by the diverging susceptibility characterizing symmetry breaking. Extensive analyses of second-order phase transition have been carried out for several types of open systems, ranging from optical cavities [77] [78] [79] [80] [81] , spin models [82] [83] [84] [85] [86] [87] , and optomechanical systems [88, 89] . Moreover, EPs are relevant for the classification of topological phases of matter [43, [90] [91] [92] [93] [94] [95] [96] We stress that the proposed concept of LEPs can be applied to quantum system dynamics both with and without quantum jumps, while the standard concept of HEPs is limited to describing the dynamics of a system without quantum jumps. This is because HEPs are (degenerate) eigenvalues of operators (i.e., non-Hermitian Hamiltonians) rather than of superoperators (e.g., Liouvillians). Thus, in the semiclassical and classical regimes, where quantum jumps do not change the dynamics, the concept of LEPs is a complete alternative to the concept of HEPs. Otherwise (i.e., when quantum jumps cannot be ignored), the approach based on HEPs fails and should be replaced by that of, e.g., LEPs. Moreover, the use of the Liouvillian is crucial to correctly identify and characterize LEPs without an NHH counterpart. This formalism has the advantage to capture both EPs resulting from the NHH and the quantum jumps, which otherwise could not be described in the same manner. We have shown that there can be fundamental differences between HEPs and LEPs. In particular, we have found examples of the dynamics of quantum systems exhibiting (1) a LEP but no HEPs, and (2) both LEPs and HEPs but for shifted parameters. Our fully-quantum approach to study EPs can be used, in principle, for practical applications, including enhanced sensing or witnessing dynamical phase transitions, which can occur at LEPs rather than HEPs.
The analysis of EPs in the quantum regime is thus a timely subject. These phenomena could be fully tractable in state-of-art experimental platforms, such as circuit quantum-electrodynamics (QED) setups. In these systems, the precise control of amplification, dissipation, and coupling strength allow reaching and characterizing EPs in the full quantum regime [97] .
Jing, and Şahin K. Özdemir for insightful discussions. Here, for pedagogical reasons and following the discussion in [98] , we recall useful properties of superoperators, i.e., linear operators acting on the vector space of operators. That is (as stated in [13] ), "superoperators act on operators to produce new operators, just as operators act on vectors to produce new vectors".
An example of such a superoperator is the commutator A = Â , • =Â • − •Â . With this notation, we mean that A acting onρ is such that Aρ =Âρ −ρÂ, and the dot simply indicates where the argument of the superoperator is to be placed. Moreover, we adopt the convention that the action is always on the operator the closest to the right-hand side of the dot. Superoperators can also "embrace" their operators, e.g., A =Â •B is such that Aρ =ÂρB. 
where TR represents the transpose, while * is the complexconjugate. To obtain the matrix form of any superoperator, we must describe the right-and left-hand action 
Analogously, we have: 
Similarly, we obtain the Liouvillian without quantum jumps L ′ and its matrix representation
while the quantum jump term reads J [Γ] =Γ ⊗Γ * . This procedure can be easily generalized to multiple quantum jump operators.
b. Hilbert-Schmidt inner product and Hermitian conjugation
In order to discuss the coalescence of eigenstates at an EP, it is useful to introduce a scalar product. Since there is no intrinsic definition of an inner product in the operator space H ⊗ H, we introduce the Hilbert-Schmidt product:
Hence, the norm of an operator is
That is, given two matriceŝ
